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Abstract
Piezoelectric vibration energy harvesters have attracted much attention due
to its potential to replace currently popular batteries and to provide an sustain-
able power sources. Many researchers have proposed ways to increase the perfor-
mance of piezoelectric energy harvesters like bandwidth, working frequency and
output performance. Here in this contribution, we propose the method of using
elastic extensions to tune the performance of a piezoelectric energy harvester.
Mathematical model of the proposed device is derived and analyzed. Numerical
simulations are done to investigate the influences of the derived parameters, like
length ratio λl, bending stiffness ratio λB, and line density ratio λm. Results
show that the elastic extension does change the motion of the proposed device
and help tune the performance of piezoelectric energy harvesters.
Keywords: piezoelectric energy harvesting, piezoelectric bimorph cantilever,
elastic extension, performance tuning
1. Introduction
To address the urgent issues of global warming, environmental pollution, and
depleting energy resources, researchers have been continuously exploring clean,
renewable, and sustainable energy sources, including solar energy, bio-energy,
nuclear energy and etc. [1] Extracting energy from ambient environment to
power electronic devices, which is also called energy harvesting, has also been
a hot research topic in the past few decades. Lots of energy harvesting devices
have been put forward to convert ambiently available energy, such as vibration
energy, thermal energy, solar energy, and so on, into electrical energy. [2, 3]
Among all these devices, vibration energy harvesting devices have attracted the
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most attention due to the universal and versatile presence of vibration energy
in engineering applications. [4]
According to the underlying physical principles and materials used in the
devices, vibration energy harvesting devices can be classified into several cat-
egories: electromagnetic energy harvesting devices [5, 6], electrostatic energy
harvesting devices [7, 8], piezoelectric energy harvesting devices [4, 9], and tri-
boelectric energy harvesting devices [10, 11]. Owing to their simplicity of struc-
ture and ease of fabrication, piezoelectric energy harvesting devices has been
the focus of many researchers in the past twenty years. [12, 3]
A classic piezoelectric energy harvester (CPEH) is composed of an elas-
tic beam and some piezoelectric elements attached to the beam. Theoretical
modelling, numerical computation, and experimental investigations have been
conducted to analyze the performances of CPEHs. [13, 14] Different methods
have been put forward to optimize the performance of CPEHs by changing beam
shape [15], electrode coverage [16] and configuration [17], streamwise position of
piezoelectric patches [18, 19], and etc. Despite all these efforts, the performance
of current piezoelectric energy harvesting devices are still far from meeting the
requirement of engineering applications. They are typically confronted with
limited bandwidth and poor energy conversion efficiency. To improve the per-
formance of piezoelectric energy harvesting devices, many techniques, such as
resonance tuning, motion amplification, nonlinearity introduction, and so on,
are presented, investigated, and analyzed. [20, 21] These researches help us ob-
tain an indepth understanding of the piezoelectric energy harvesting mechanisms
and provide useful ways to improve the performance of piezoelectric energy har-
vesters. However, they do not take into account the possible effect of elastic
extensions, which has been shown feasible in improving output performance of
piezoelectric wind energy harvesters.[22]
Here in this contribution, we focus on the influence of elastic extension upon
the performance of piezoelectric energy harvesters. A piezoelectric energy har-
vester with attached elastic extension is put forward. Its mathematical model
is derived based on Euler-Bernoulli beam model, and converted into a bound-
ary value problem. Numerical simulations are conducted to investigate the
influences of system parameters upon its performances. Results validate our
proposition and provide insights into the improvement of piezoelectric energy
harvesting.
2. Modeling of the proposed system
The proposed piezoelectric energy harvester with elastic extension (PEHEE)
is similar to a CPEH, as shown in Figure 1. The PEHEE is made up of two
parts: the primary beam and the extension beam. The primary beam is simply
a CPEH, which is usually comprised of the base structure and the piezoelectric
elements attached to it. Note that the primary beam is usually of a layered
structure and there can be many layers of base structure as well as piezoelectric
elements. Here in Figure 1, we shown the structure of a bimorph as an example.
The base structure is of thickness 2hs while the piezoelectric elements are of
2
thickness hp. The total length of the primary beam is lp. The extension beam
is simply made from certain elastic materials, like PET. Its thickness is 2he
and its length is le. Both the spanwise widths of the primary beam and the
extension beam are set to be identical to b.
Piezoelectric
Element
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Structure
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Figure 1: Schematic configuration of a piezoelectric energy harvester with elastic extension
(PEHEE).
Following the classical analyzing process of piezoelectric bimorph cantilever
beams [13, 14, 23], the constitutive equations for the primary beam are listed
as: 

Mp(x1, t) = Bp
∂2w1(x1, t)
∂x21
− epVp(t)
qp(x1, t) = ep
∂2w1(x1, t)
∂x21
+ ǫpVp(t),
(1)
where Mp(x1, t) is the bending moment at the cross section of position coor-
dinate x1 and qp(x1, t) is the corresponding local line charge density on the
electrode. w1(x1, t) is the displacement function of the primary beam with
0 ≤ x1 ≤ lp and Vp(t) is the voltage across the electrodes. Considering that
the piezoelectric elements are arranged in a serial connection manner [14], the
coefficients Bp, ep, and ǫp are defined as

Bp =
2
3
b
{
Ysh
3
s + Yp
[
(hs + hp)
3 − h3s
]}
,
ep = be31
(
hs +
1
2
hp
)
,
ǫp =
bǫS33
2hp
,
(2)
in which Yp and Ys are the elastic constants of the piezoelectric element and
the base structure, respectively, e31 is the piezoelectric charge constant of the
piezoelectric element, ǫS33 is the dielectric constant of the piezoelectric element.
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Using Euler-Bernoulli assumptions [24], dynamic equations of the primary
beam are formulated as
Bp
∂4w1(x1, t)
∂x41
+mp
∂2w1(x1, t)
∂t2
= 0 (3)
wheremp = 2b(ρshs+ρphp) is the line mass density of the primary beam with ρs
and ρp being the volumetric density of the base structure and the piezoelectric
element, respectively. Principally piezoelectric energy harvester is regarded as
a current source due to its dielectric property. Hence the charge accumulation
Qp(t) on the electrode is of special interest in our research. According to a
simple integration process, it can be calculated as
Qp(t) =
∫ lp
0
qp(x1, t) dx1 = ep
[
∂w1(x1, t)
∂x1
]∣∣∣∣
lp
0
+ CpVp(t) (4)
where Cp = ǫplp is the inherent capacitance of the piezoelectric layer in the pri-
mary beam. According to the Kirchhoff’s law, the electric equilibrium equation
is
dQp(t)
dt
+
Vp(t)
Rl
= 0 (5)
where Rl is the load resistance connected to the piezoelectric energy harvester.
For the extension beam, the governing equations are simply
Be
∂4w2(x2, t)
∂x42
+me
∂2w2(x2, t)
∂t2
= 0 (6)
where w2(x2, t) is the displacement of the extension beam at position 0 ≤ x2 ≤
le, Be =
2
3Yebh
3
e is the equivalent bending stiffness of the extension beam,
me = 2ρehe is the line mass density of the extension beam, ρe is the volumetric
mass density of the extension beam. In this process, Ye is the Young’s modulus of
the extension beam. As a result, the defining relations for the bending moment
Me(x2, t) at the position x2 is
Me(x2, t) = Be
∂2w2(x2, t)
∂x22
. (7)
The primary beam and the extension beam are connected to each other at
one end. Therefore at the joint point x1 = lp or x2 = 0, we expect the continuity
of displacement functions w1(x1, t) and w2(x2, t), bending moments Mp(x1, t)
and Me(x2, t), and shearing forces
∂Mp(x1,t)
∂x1
and ∂Me(x2,t)
∂x2
. That is to say,

w1(lp, t) = w2(0, t),
∂w1(lp, t)
∂x1
=
∂w2(0, t)
∂x2
,
Bp
∂2w1(lp, t)
∂x21
− epVp(t) = Be ∂
2w2(0, t)
∂x22
,
Bp
∂3w1(lp, t)
∂x31
= Be
∂3w2(0, t)
∂x32
.
(8)
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The left end of the primary beam is connected to the vibration sources whose
vibration can be described as a function wb(t). To make it easier, we assume
that the base excitation wb(t) is the only input to the system and wb(t) is strictly
in the direction of w1(x1, t) and w2(x2, t) so that no rotation is present at the
left end. As a result, we have
w1(0, t) = wb(t),
∂w1(0, t)
∂x1
= 0. (9)
At the right end of the extension beam where x2 = le, no external forces and
moments are applied and we have
∂2w2(le, t)
∂x22
= 0,
∂3w2(le, t)
∂x32
= 0. (10)
With the governing equations (1,3), (2), (4), (5), (6), and (7), and the bound-
ary conditions (8), (9), and (10), we set up a boundary value problem for the
base excitation problem for the PEHEE. Generally, the problem is solved using
mode decomposition method [14] or finite element method [25], where the ac-
tual motion is expressed using a series of accurate eigenmodes or approximate
eigenmodes. Here in this contribution, as we are interested in the steady state
response of the PEHEE, the harmonic balance method [26] is used.
Usually we consider a base excitation wb(t) of single angular frequency σ and
amplitude ξb, which can be expressed by wb(t) = Re
{
ξbe
jσt
}
with j =
√−1
being the imaginary unit. The amplitude ξb is complex and contains the phase
information of the base excitation. To make things easier, we set ξb to be a real
constant designated by the controller. Hence, according to the harmonic balance
method, we can set the steady state response of the displacements w1(x1, t) and
w2(x2, t) of the primary beam and the extension beam respectively as
w1(x1, t) = w˜1(x1)e
jσt, w2(x2, t) = w˜2(x2)e
jσt, (11)
the steady state voltage response Vp(t) and charge accumulation Qp(t) as
Vp(t) = V˜pe
jσt, Qp(t) = Q˜pe
jσt, (12)
and the bending moment Mp(x1, t) and Me(x2, t) as
Mp(x1, t) = M˜p(x1)e
jσt, Me(x2, t) = M˜e(x2)e
jσt, (13)
where the symbols with a hat ∼ denote the complex modulus of the correspond-
ing quantities, which contains the amplitude and phase information. As a result,
the above system of governing equations for the PEHEE can be summarized as

Bp
∂4w˜1(x1)
∂x41
−mpσ2w˜1(x1) = 0,
Be
∂4w˜2(x2)
∂x42
−meσ2w˜2(x2) = 0,
jσQ˜p +
V˜p
Rl
= 0,
(14)
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

M˜p(x1) = Bp
∂2w˜1(x1)
∂x21
− epV˜p,
Q˜p = ep
[
∂w˜1(x1)
∂x1
]∣∣∣∣
lp
0
+ CpV˜p,
M˜e(x2) = Be
∂2w˜2(x2)
∂x22
,
(15)
and the boundary conditions become

w˜1(0) = ξb,
∂w˜1
∂x1
(0) = 0,
w1(lp, t) = w2(0, t),
∂w˜1(lp)
∂x1
=
∂w˜2(0)
∂x2
,
Bp
∂2w˜1(lp)
∂x21
− epV˜p = Be ∂
2w˜2(0)
∂x22
, Bp
∂3w˜1(lp)
∂x31
= Be
∂3w˜2(0)
∂x32
,
∂2w˜2(le)
∂x22
= 0,
∂3w˜2(le)
∂x32
= 0.
(16)
From the equations (14), (15), and (16), we can eliminate the electrical quan-
tities Q˜p and V˜p by incorporating them into the boundary conditions. Actually,
from equations (14) and (15), we have
V˜p =
jσRlep
jσRlCp + 1
[
∂w˜1(x1)
∂x1
]∣∣∣∣
lp
0
, (17)
which can actually be used to eliminate the term V˜p in the boundary conditions
(16). In the end, we can simplify the problem as a combination of the governing
equations 

Bp
∂4w˜1(x1)
∂x41
−mpσ2w˜1(x1) = 0,
Be
∂4w˜2(x2)
∂x42
−meσ2w˜2(x2) = 0,
(18)
and the boundary conditions

w˜1(0) = ξb,
∂w˜1
∂x1
(0) = 0,
w˜1(lp) = w˜2(0),
∂w˜1(lp)
∂x1
=
∂w˜2(0)
∂x2
,
Bp
∂2w˜1(lp)
∂x21
+
jσRle
2
p
jσRlCp + 1
∂w˜1(lp)
∂x1
= Be
∂2w˜2(0)
∂x22
, Bp
∂3w˜1(lp)
∂x31
= Be
∂3w˜2(0)
∂x32
,
∂2w˜2(le)
∂x22
= 0,
∂3w˜2(le)
∂x32
= 0,
(19)
which actually manifests as a boundary value problem.
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3. Dimensionless Problem
Defining the following dimensionless variables
w˜1 = ξbu1, w˜2 = ξbu2, x˜1 = lpx, x˜2 = lex., (20)
The above listed boundary value problem is made dimensionless. Note that here
we use one independent space variable x to nondimensionalize two previously
used variables x1 and x2. This comes from the fact that the variables x1 and
x2 are not coupled with each other in the sense that the primary beam and
the extension beam do not overlap each other except for their joint point where
x1 = lp and x2 = 0. Thus the two variables do not occur in the equations
simultaneously except for the boundary conditions. As for the boundary con-
ditions, the change of variables does not affect the values of the equations. In
one word, the equation (20) does not change the problem in essence. Hence, the
above boundary value problem is further changed into the combination of the
governing equations 

Bp
l4p
u′′′′1 −mpσ2u1 = 0,
Be
l4e
u′′′′2 −meσ2u2 = 0,
(21)
and the boundary conditions

u1(0) = 1, u
′
1(0) = 0,
u1(1) = u2(0),
1
lp
u′1(1) =
1
le
u′2(0),
Bp
l2p
u′′1(1) +
jσRle
2
p
jσRlCp + 1
1
lp
u′1(1) =
Be
l2e
u′′2(0),
Bp
l3p
u′′′1 (1) =
Be
l3e
u′′′2 (0),
u′′2(1) = 0, u
′′′
2 (1) = 0,
(22)
in which the prime means the derivative with respect to x. The equations can
again be organized in a more compact form{
u′′′′1 − ν2u1 = 0,
u′′′′2 − ν2λmλ4l /λBu2 = 0,
(23)


u1(0) = 1, u
′
1(0) = 0,
u1(1) = u2(0), λlu
′
1(1) = u
′
2(0),
u′′1(1) +
jνβ
jνβ + 1
α2u′1(1) = λB/λ
2
l u
′′
2(0), u
′′′
1 (1) = λB/λ
3
l u
′′′
2 (0),
u′′2(1) = 0, u
′′′
2 (1) = 0,
(24)
where
ν = σ
√
mpl4p
Bp
, λB =
Be
Bp
, λm =
me
mp
, λl =
le
lp
, (25)
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β = RlCp
√
Bp
mpl4p
, α = ep
√
lp
CpBp
. (26)
The system (23) and (24) is a two-point boundary value problem. The
problem can readily be solved by a Chebyschev collocation method using the
MATLAB package Chebfun [27].
4. Simulations and Results
In the following, we will investigate the influences of system parameters, es-
pecially length ratio λl, bending stiffness ratio λB , and line density ratio λm,
upon the performance of the proposed PEHEE. These three parameters are de-
termined by the length le, Young’s modulus Ye, and volumetric density ρe of the
extension beam respectively. Note that these parameters are actually changing
across different sets of simulations in the following subsections. In the simula-
tion, base excitation frequency fb and external load resistance Rl, which change
the dimensionless values of ν and β, respectively, are of critical importance in
the sense that these two parameters reflect the influence of vibration source
and external load circuit. For every set of parameter values, we set the base
excitation frequency fb to change from 1 Hz to 100 Hz, which covers the usual
frequency range of natural vibration sources, and set the load resistance Rl to
change from 1 Ω to 10 MΩ, which is inspired by the Ref. [14] and takes into
account the dielectric property of piezoelectric materials. Actually, when the
load resistance Rl = 1 Ω, the PEHEE is said to be in a short-circuit condition
as the equivalent resistance of the PEHEE is generally much larger than Rl.
On the other hand, when Rl = 10 MΩ, the system is close to an open-circuit
condition where no external load is connected to the output electrodes.
Table 1: Geometric and material parameters used in the simulation for PEHEEs
Parameter Value
Length of the primary beam, lp (mm) 100
Width of the PEHEE, b (mm) 20
Half thickness of the base structure, hs (mm) 0.25
Thickness of the piezoelectric element, hp (mm) 0.2
Young’s modulus of the base structure, Ys (Gpa) 100
Young’s modulus of the piezoelectric element, Yp (Gpa) 66
Mass density of the base structure, ρs (kg/m
3) 7165
Mass density of the piezoelectric element, ρp (kg/m
3) 7800
piezoelectric constant, d31 (pm/V ) -190
Permittivity, ǫS33 (nF/m) 15.93
Length of the extension beam, le (mm) 100
Young’s modulus of the extension beam, Ye (Gpa) 2.3
Mass density of the extension beam, ρe (kg/m
3) 1.38
Half thickness of the extension beam, he (mm) 0.25
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4.1. Base excitation response of the PEHEE
Firstly, we investigate the response of the PEHEE under base excitation.
The basic geometry and material properties of the materials used are summa-
rized in Table 1. By using the MATLAB package Chebfun [27], we calculate
the solution of the previously described boundary value problem with respect
to different values of base excitation frequency fb and load resistance Rl. For
the case of Rl = 10 kΩ, we plot the PEHEE vibration profile at different base
excitation frequency fb in Figure 2.
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Figure 2: Profile of the PEHEE vibration at different base excitation frequency fb. The beam
displacement function is normalized with respect to the base excitation amplitude ξb.
From the figure, it is clearly seen that if we consider the PEHEE as a whole,
its vibration is extremely similar to that of a CPEH. [28] With the increase
of base excitation frequency fb, more and more strain nodes are presented.
Nonetheless, the PEHEE can also be regarded as a combination of the primary
beam and the extension beam. In this view, we see from Figure 2 that in
the considered frequency range, the vibration profile of the primary beam is
always monotone without showing any strain nodes. For the extension beam,
depending on the base excitation frequency fb, one or more strain nodes are
presented. Therefore, we can conclude that the overall motion of the PEHEE is
a result of the interaction between the primary beam and the extension beam.
4.2. Influence of length le of the extension beam or length ratio λl
The presence of the extension beam is primarily indicated by the extension
beam length le, or equivalently the length ratio λl. When λl = 0.0, no ex-
tension beam is attached to the primary beam and the resultant piezoelectric
energy harvester reduces to a CPEH [14], which is referred to as a reference
9
for comparison. In this contribution, the range of length ratio λl to be consid-
ered is 0.0 ≤ λl ≤ 1.0. For each value of length ratio λl, the above described
base excitation problem is solved with respect to different base excitation fre-
quency fb and load resistance Rl. In this process, Young’s modulus of the
extension beam is set to be Ye = 2.3 GPa while its volumetric density is set to
be ρe = 1.38× 103 kg/m3.
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Figure 3: Normalized output voltage of the PEHEE versus base excitation frequency fb at
different length ratio λl and load resistance Rl.
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Figure 4: Normalized output power of the PEHEE versus base excitation frequency fb at
different length ratio λl and load resistance Rl.
In the first place, we would like to explore the influence of base excitation
frequency fb upon performance of the PEHEE at different values of load resis-
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tance Rl and length ratio λl. Let the frequency range of interest be 1− 100 Hz.
The length ratio λl is chosen to be 0.0, 0.2, 0.4, 0.6, 0.8, or 1.0, and load re-
sistance Rl is chosen to be 10
0 Ω, 102 Ω, 104 Ω, or 106 Ω. According the the
previous sections, output voltage V˜p and output power P˜p can be evaluated by
V˜p =
jνβ
jνβ + 1
ξb
lp
ep
Cp
,
P˜p = V˜
2
p /Rl.
(27)
Note that here V˜p and P˜p are the complex amplitudes of the periodic output
voltage Vp(t) and output power Pp(t), which contain the modulus and phase
information. Another point to be noted is that the frequencies of Vp(t) and Pp(t)
are actually different. The frequency of Pp(t) is twice as much as that of Vp(t).
In this contribution, we are more interested in the modulus information, which
are |V˜p| and |P˜p|, respectively. The simulation results of |V˜p| and |P˜p| are plotted
against base excitation frequency fb in Figure 3 and Figure 4, respectively. In
the plots the output voltage is normalized with respect to the amplitude of base
excitation amplitude ξbσ
2, while the output power is normalized with respect to(
ξbσ
2
)2
= ξ2bσ
4. In this process, the values of density ρe and Young’s modulus
Ye of the extension beam, or equivalently λm and λB , are kept unchanged.
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Figure 5: Normalized output voltage of the PEHEE versus load resistance Rl at different
base excitation frequency fb and length ratio λl.
According to Figure 3 and Figure 4, for the given values λm and λB , fre-
quency response of the PEHEE in the interested frequency range changes in
accordance with the extension length le and thus the length ratio λl. When λl
is relatively small, say λl = 0.2, as shown in Figure 3(b), frequency response of
the PEHEE is almost the same as that of the CPEH case where λl = 0.0. That
is to say, there is only one resonant peak in the considered frequency range and
the corresponding resonant frequency is around 42 Hz for different values of
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Figure 6: Normalized output power of the PEHEE versus load resistance Rl at different base
excitation frequency fb and length ratio λl.
load resistance Rl. With the increase of the length ratio λl, say λl = 0.4, 0.6,
or 0.8, as shown in Figure 3(c), (d), and (e), respectively, there begins to exist
an extra resonant and anti-resonant mode in the considered frequency range,
compared with the case of no elastic extension (λl = 0.0). If we further increase
the length ratio to λl = 1.0, more resonant and anti-resonant modes occur in the
considered frequency range. It can be found from Figure 3(d) and Figure 4(d)
that, amplitude of the output voltage V˜p and output power P˜p at the newly
occurring resonant mode is comparable in order of magnitude to that of the
CPEH.
Since the primary beam is much stiffer than the extension beam in our case,
the above results can be explained as follows. As indicated before, the overall
motion of the PEHEE is governed by the interaction between the primary beam
and extension beam. When the length ratio λl is small, the interaction is too
small to play a role in the motion of the whole PEHEE. Thus, the motion of
the whole PEHEE is mainly determined by that of the primary beam and its
frequency response is therefore similar to that of a CPEH. When the length
ratio λl is increased to a level such that the interaction between the primary
beam and the extension is no longer negligible, the motion of the whole PEHEE
is starting to be influenced by the extension beam. A direct result is that the
resonant frequency of the resonant peak is shifted by a small amount, as shown
in Figure 3(c) and (d), where λl = 0.4 and 0.6 respectively. A second result is
that the newly occurring resonant and anti-resonant mode possesses a resonant
frequency that decreases with respect to the increase of λl. After a critical
value, the further increase of λl leads to the weakening of the interaction again,
as shown in Figure 3(e) where λ = 0.8. In this case, the two parts again have
little effect upon each other the performance of the PEHEE is again governed
by the primary beam. It should be noted that there can be more resonant
12
and anti-resonant modes introduced into the considered frequency range if we
further increase the value of λl, as shown in Figure 3(f). The newly introduced
mode is mainly determined by the extension beam and shows energy harvesting
potential as indicated above.
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Figure 7: Normalized output voltage of the PEHEE versus length ratio λl at different base
excitation frequency fb and load resistance Rl.
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Figure 8: Normalized output power of the PEHEE versus length ratio λl at different base
excitation frequency fb and load resistance Rl.
In this view, attachment of the elastic extension part actually increases the
working frequency range of the proposed PEHEE, as typical piezoelectric en-
ergy harvesters rely on resonant modes to work. On the other hand, the elastic
extension also provides a way to tune the bandwidth of a piezoelectric energy
13
harvester. An obvious way to do so is to choose the parameters of the extension
beam, so that the extension beam and the primary beam have similar resonant
frequency and interact strongly with each other. The point to be noticed is the
existence of anti-resonant modes. They correspond to low output voltage and
output power, and to some degree narrows the bandwidth of the energy har-
vester. However, it is still not worse than an otherwise non-resonant vibration,
as in both cases the electrical output of the piezoelectric energy harvester is
unusable.
In the second place, we investigate the influence of load resistance Rl upon
performance of the PEHEE at different values of base excitation frequency fb
and length ratio λl. The resulting normalized output voltage and output power
are shown in Figure 5 and Figure 6, respectively. It is obvious that in the range
of low Rl, a power law exists between the normalized output voltage |V˜p/(σ2ξb)|
and normalized output power |P˜p/(σ2ξb)2| and load resistance Rl. For all the
chosen values of base excitation frequency fb, the increase of Rl leads to an
increase in |V˜p/(σ2ξb)|. Ultimately, |V˜p/(σ2ξb)| approaches asymptotically to a
limit value V˜ limp . This value actually corresponds to the amplitude of open-
circuit output voltage of the piezoelectric energy harvester. At the same time,
the value of |P˜p/(σ2ξb)2| exhibits an obvious maximum at some values of Rl
between 10 kΩ and 1 MΩ. And on both sides away from the maximum value,
we see also a power law between the value of Rl and |P˜p/(σ2ξb)2|, as shown in
Figure 6. This indicates that an asymptotic analysis may help us to simplify the
analysis of performance of piezoelectric energy harvesters and provide a more
profound understanding of piezoelectric energy harvesters. But this is out of
the scope of our current contribution and will be covered in the future research.
In the third place, at different values of fb and Rl, we directly plot the nor-
malized output voltage |V˜p/(σ2ξb)| and normalized output power |P˜p/(σ2ξb)2|
with respect to length ratio λl, which are shown in Figure 7 and Figure 7, re-
spectively. It is shown that at given values of Rl and fb, output performances
of the proposed PEHEE can be tuned by the parameter λl. For example,
when fb = 31.62 Hz and Rl = 10 kΩ, a maximum peak of |V˜p/(σ2ξb)| and
|P˜p/(σ2ξb)2| is found around λl = 0.5. Compared with the case of no elastic
extension (λl = 0.0), the amplitude of output voltage |V˜p/(σ2ξb)| is about 13
times larger, while the amplitude of output power |P˜p/(σ2ξb)2| is about 3 times
larger. Similar phenomena can be found when fb = 42.17 Hz. This indicates
that the addition of the elastic extension can substantially increase the output
performance of a piezoelectric energy harvester. It should be noted that in case
of large values of fb, like fb = 100 Hz, the tuning performance of the elastic
extension is no longer significant.
4.3. Influence of Young’s modulus Ye of the extension beam or bending stiffness
ratio λB
To investigate the influence of bending stiffness ratio λB upon the perfor-
mance of the PEHEE, we set different values of Young’s modulus Ye of the
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extension beam to change the values of λB. Considering the properties of com-
monly used engineering materials [29], the values of Ye is set to be in the range
of 0.01 GPa ≤ Ye ≤ 400 GPa. For each value of bending stiffness ratio λB ,
the base excitation problem is solved with respect to different base excitation
frequency fb and load resistance Rl. In this process, the length ratio is fixed to
be λl = 0.3 while its volumetric density is set to be ρe = 1.38× 103 kg/m3.
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Figure 9: Normalized output voltage of the PEHEE versus base excitation frequency fb at
different bending stiffness ratio λB and load resistance Rl.
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Figure 10: Normalized output power of the PEHEE versus base excitation frequency fb at
different bending stiffness ratio λB and load resistance Rl.
Firstly, the influence of base excitation frequency fb upon performance of
the piezoelectric energy harvester is shown Figure 9 and Figure 10 at different
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values of load resistance Rl and bending stiffness ratio λB . To have a clear clue
about the value of λB , it is found that for a Young’s modulus of Ye = 0.01 GPa,
the corresponding value of bending stiffness ratio is λB = 2.39 × 10−5, while
for a Young’s modulus of Ye = 200 GPa, the corresponding value of bending
stiffness ratio is λB = 0.478.
It is easily seen from Figure 9 and Figure 10 that, at the given values of
λl and λm, bending stiffness ratio λB also affects frequency response of the
proposed PEHEE, but in a different manner from length ratio λl.
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Figure 11: Normalized output voltage of the PEHEE versus bending stiffness ratio λB at
different base excitation frequency fb and load resistance Rl.
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Figure 12: Normalized output power of the PEHEE versus bending stiffness ratio λB at
different base excitation frequency fb and load resistance Rl.
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When the bending stiffness ratio λB is very small, say Ye = 0.01 GPa, as
shown in Figure 9(a) and Figure 10(a), there exist multiple resonant modes in
the considered frequency range. And some of the resonant modes are potential
to be used for energy harvesting. With the increase of bending stiffness ratio
λB, fewer resonant modes are present in the considered frequency range. For
example, when Ye = 0.3 GPa, two resonant modes are present and when Ye =
2.3 GPa, only one resonant mode is present. As a result, less frequency points
can be utilized for energy harvesting. That is to say, to achieve an energy
harvesting capacity of wider frequency range, smaller bending stiffness ratio λB
is preferred. Actually, from Figure 9 we can conclude that, a bending stiffness
ratio λB in the order of 10
−4 or lower is beneficial to the energy harvesting
performance of the PEHEE. However, only changing the value of λB is not the
best way to tune the energy harvesting performance of the PEHEE. It is seen
from the previous subsection and this subsection that, the combination change
of larger λl and lower λB serve better for this goal.
The influence of bending stiffness ratio λB is further shown by plotting the
normalized output voltage |V˜p/(σ2ξb)| and normalized output power |P˜p/(σ2ξb)2|
relative to λB at different values of load resistance Rl and base excitation fre-
quency fb, as shown in Figure 11 and Figure 12, respectively. It is found that
for a low frequency base excitation, as shown in Figure 11(a) and (b), no big
difference is seen when we change the values of λB . The normalized output
voltage |V˜p/(σ2ξb)| and normalized output power |P˜p/(σ2ξb)2| remain at a low
level and the proposed PEHEE can not be used for energy harvesting. For a
higher base excitation frequency fb, as shown in Figure 11(c) and (d) and Fig-
ure 12(c) and (d), a peak of |V˜p/(σ2ξb)| and |P˜p/(σ2ξb)2| is found for certain
value of λB . The output performance of the PEHEE is increased by changing
the value of λB . For a further higher value of fb, as shown in Figure 11(e),
the value of λB significantly changes |V˜p/(σ2ξb)| and |P˜p/(σ2ξb)2|. To achieve
higher energy harvesting performance, higher (in the order of 10−1) or lower (in
the order of 10−5) values of λB are preferred against a moderate (in the order
of 10−3) value of λB. For the value of base excitation frequency fb = 100 Hz,
as shown in Figure 11(f), the value of λB is found again playing a minor role in
changing the values of |V˜p/(σ2ξb)| and |P˜p/(σ2ξb)2|.
4.4. Influence of the density ρe of the extension beam or line density ratio λm
To investigate the influence of line density ratio λm upon the performance
of the PEHEE, the volumetric density ρe of the beam extension part is changed
based on the properties of commonly used engineering materials [29]. For the
convenience of performance comparison, ρe is set to be 1.38×101 kg/m3, 1.38×
102 kg/m3, 1.38×104 kg/m3, or 1.38×105 kg/m3. For each value of line density
ratio λm, the base excitation problem is solved for different base excitation
frequency fb and load resistance Rl. During the simulation, the length ratio is
fixed to be λl = 0.3 while the Young’s modulus of the extension beam is set to
be Ye = 2.3 GPa.
The influence of base excitation frequency fb upon performance of the pro-
posed PEHEE is shown Figure 13 and Figure 14 at different values of load
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resistance Rl and bending stiffness ratio λB. A simple calculation shows that
when ρe = 1.38×101 kg/m3, λe = 1.03×10−3, while for ρe = 1.38×104 kg/m3,
λm = 1.03. For typical flexible materials like PET [30], the volumetric density
ρe is 1.38×103 kg/m3, the calculation results are shown in Figure 13(c) and Fig-
ure 14(c). It is indicated that no extra resonant modes are present in the consid-
ered frequency range. Besides, no big difference is observed in terms of the nor-
malized output voltage |V˜p/(σ2ξb)| and normalized output power |P˜p/(σ2ξb)2|,
compared with the cases of lower ρe, as shown in Figure 13(a) and (b) and
Figure 14(a) and (b). However, for a larger value of volumetric density ρe, as
shown in Figure 13(d) and Figure 14(d), the existence of extra resonant modes
is seen.
As a result, we can conclude that a heavier extension beam is beneficial for
energy harvesting. In fact, in the limiting case of an elastic extension whose
elastic constants is infinite, the extension beam is equivalent to a rigid attached
tip mass. [14] However, it is not always possible to find appropriate materials
at a limited expense. For most structure materials available in engineering
applications, the volumetric densities are not enough to generate extra resonant
modes in the range. Hence, it is not wise to depend on the parameter ρe merely
to tune the performance of the PEHEE.
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Figure 13: Normalized output voltage of the PEHEE versus base excitation frequency fb at
different line density ratio λm and load resistance Rl.
A second plot is generated using the normalized output voltage |V˜p/(σ2ξb)|
and normalized output power |P˜p/(σ2ξb)2| versus line density ratio λm at dif-
ferent values of load resistance Rl and base excitation frequency fb, as shown
in Figure 15 and Figure 16.
It is obvious that for low base excitation frequency, like fb = 1Hz, nor-
malized output voltage |V˜p/(σ2ξb)| and normalized output power |P˜p/(σ2ξb)2|
increase with respect to λm. When the base excitation frequency is increased
towards the resonant frequency, say fb = 31.62 Hz as shown in Figure 15
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Figure 14: Normalized output power of the PEHEE versus base excitation frequency fb at
different line density ratio λm and load resistance Rl.
and Figure 16, the normalized output voltage |V˜p/(σ2ξb)| and normalized out-
put power |P˜p/(σ2ξb)2| change little with respect to λm, compared with the
cases of smaller λm. For the case of fb = 41.27 Hz, a significant change of
|V˜p/(σ2ξb)| and |P˜p/(σ2ξb)2| can be seen with respect to λm. While for the case
of fb = 100 Hz, the change becomes negligible again. That is to say, at the
frequency around the resonant frequency in the considered range, the change of
line density ratio λm is helpful to improve the performance of the PEHEE. In
the other cases, the change of λm won’t help too much.
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Figure 15: Normalized output voltage of the PEHEE versus line density ratio λm at different
base excitation frequency fb and load resistance Rl.
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Figure 16: Normalized output power of the PEHEE versus line density ratio λm at different
base excitation frequency fb and load resistance Rl.
5. Conclusion and Discussion
In this contribution, we propose the method of attaching elastic extensions
to tube the performances of piezoelectric energy harvesters. Based on the Euler-
Bernoulli’s assumptions, we establish the electromechanical model of the pro-
posed PEHEE and convert it into a boundary value problem. Systems param-
eters α, λl, λB, and λm as well as source vibration parameters β and ν are
isolated from the problem. A series of numerical simulations are conducted to
explore the influences of different parameters.
From the simulation results, several points may be summarized. Firstly,
by changing the parameter values of λl, λB, and λm, we can introduce extra
resonant modes in the considered frequency range. These resonant modes are
potential for energy harvesting applications as the output level is usable. This
provides a way to increase the working frequency range of practical piezoelectric
energy harvesters. Secondly, by adding the elastic extensions, the performance
of a CPEH can be tubed. When the interaction between the extension beam
and primary beam is strong enough, it is possible to increase the bandwidth
of the PEHEE. Besides, this kind of strong interaction also serves to increase
the output performances of the PEHEE. Last but not the least important, the
tuning effect of the elastic extension is the result of the combined actions of
three parameters λl, λB, and λm. The increase of λl and λm tends to increase
the number of introduced resonant modes, while the increase of λB tends to
decrease it.
In order to further increase the performance of piezoelectric energy har-
vesters, more researches are to be done in the future. Firstly, it seems promising
by change the elastic extension into a full configurable elastic structure. Sec-
ondly, the asymptotic analysis of the elastic model may provide us a more de-
20
tailed theoretical analysis of the proposed devices and guide our design. Thirdly,
in the current analysis based on Euler-Bernoulli assumptions, the motion of the
extension beam is actually of large amplitude. Thus it is necessary to take into
account the geometric nonlinearity. What’s more, the optimal parameter values
for the proposed PEHEE need a more detailed analysis.
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